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Flowfield Analysis for Successive Oblique Shock
Wave-Turbulent Boundary-Layer Interactions

Chen-Chih Sun* and Morris E. Childst
University of Washington, Seattle, Wash.

A computation procedure is described for predicting the flowfields which develop when successive
interactions between oblique shock waves and a turbulent boundary layer occur. Such interactions
may occur, for example, in engine inlets for supersonic aircraft. Computations have been carried
out for axisymmetric internal flows at Mm = 3.82 and 2.82. The effect of boundary layer bleed has
been considered for the Mm = 2.82 flow. A control volume analysis is used to predict changes in the
flow field across the interactions. Two bleed flow models have been considered. A turbulent bounda-
ry layer program has been used to compute changes in the boundary layer between the interactions.
The results given are for flows with two shock wave interactions and for bleed at the second inter-
action site. In principle the method described may be extended to account for additional interac-
tions. The predicted results are compared with measured results and are shown to be in good agree-
ment when the bleed flow rate is low (on the order of 3% of the boundary layer mass flow), or when
there is no bleed. As the bleed flow rate is increased, differences between the predicted and mea-
sured results become larger. Shortcomings of the bleed flow models at higher bleed flow rates are
discussed.

Nomenclature

A = i[(7-l)/2] Mez/(Tw/Te)\m
a - a constant in the wall-wake profile
B = \(l+[(y-l)/2]Me*)/(Tw/Te)\ - 1
C = a constant in the Law of the Wall (usually equals 5.1)
Cf = skin friction coefficient, rw/(l/2)peue

2

IBX I = x-momentum of the bleed flow
K = a constant in the Law of the Wall (usually equals 0.4)
L = shock wave-boundary layer interaction length
M = Mach number
rnB = boundary layer mass bleed rate
P = pressure
R = radial coordinate from tunnel centerline
RB = radial coordinate of dividing stream surface separating bleed

flow from main flow, (see Fig. 3)
Re = Reynolds number
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= velocity in stream wise direction
= van Driest's generalized velocity, (ue/A) arcsin j [(2A2u/ue)

- B]/(B2 + 4A2)1/2!
= friction velocity, (r^/p^)1/2

= axial coordinate, measured from shock generator tip
= coordinate normal to the tunnel wall
= ratio of specific heats
= a thickness of freestream flow to allow for boundary layer

mass entrainment, (see Fig. 3)
= boundary layer thickness
= displacement thickness of the boundary layer
=y/<5
= momentum thickness of the boundary layer
= kinematic viscosity
= coefficient of the wake function
= mass density
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Subscripts
e = conditions at the edge of the boundary layer
w = conditions at the wall
00 = freestream conditions ahead of the first interaction

Introduction

THE interaction of an oblique shock wave with a turbu-
lent boundary layer is known to induce drastic changes in
the boundary-layer properties and to cause substantial de-

= shear stress
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TUNNEL SIDEWALL --- METHOD OF CHARACTERISTICS

BLEED HOLES

Fig. 1 Experimental configuration.

viation of the supersonic flowfield from the predicted in-
viscid flow. This deviation may be of sufficient magnitude
to adversely affect the performance of aerodynamic de-
vices. Suitable methods for predicting the boundary-layer
and freestream flow characteristics in the presence of such
disturbances are required by engineers responsible for the
design of aerodynamic configurations involving shock
wave boundary-layer interactions.

A control volume method developed by Seebaugh,
Paynter and Childs,1 and improved upon by Mathews,2
has been successful in the prediction of boundary layer
characteristics downstream of the interaction with a single
oblique shock wave. However, in some aerodynamic de-
vices, such as mixed compression supersonic diffusers, the
turbulent boundary layer is often subjected to interactions
with more than one shock wave. In the study reported
here the control volume method has been used to calcu-
late the changes in turbulent boundary layer characteris-
tics across successive shock wave interactions at the walls
of axisymmetric wind tunnels. Two cases are reported,
one at M^ = 2.82, the other at M-m = 3.82. In the Mach
2.82 study the effect of boundary layer bleed at the second
interaction site was considered. A turbulent boundary
layer computer program was used to predict boundary
layer changes between the two interactions and to provide
the initial conditions for the second interaction.

Experimental Configurations

The experimental configurations which were used to
produce the successive shock waves are shown schemati-
cally in Fig. 1. The Mach 3.82 tunnel had a radius of 1.015
in. and a boundary layer thickness ahead of the first in-
teraction of 0.170 in. The shock wave generator was in-
stalled on the centerline of the tunnel at zero angle of at-
tack. The generator had a 10° half-angle conical tip
which broke to 13° 2.60 in. downstream of the tip. For the
Mach 2.82 tunnel the tunnel radius was 1.02 in., and
the boundary layer thickness ahead of the first interaction
was 0.165 in. The shock generator had a 10° conical
tip which broke to 13° 1.942 in. behind the tip.
Both generators were designed to provide as large a region
of freestream flow as possible between the first reflected
and second incident shock waves while at the same time
keeping the expansion wave off the downstream corner of

Fig. 2 Flow model used in analysis.

the second conical surface from interfering with the sec-
ond interaction.

About 3.0 in. from the tip of the Mach 2.82 shock gen-
erator, or approximately at the point where the second in-
cident shock wave reached the wall, two rows of thirty-
eight 0.052-in. diam bleed holes were drilled around
the periphery of the tunnel. The bleed system was oper-
ated in a choked flow condition. With one row of the holes
open, the bleed mass flux was about 2.8% of the boundary
layer mass flux just ahead of the second interaction. With
two rows of holes open, the bleed mass flux was 5.0% of the
boundary layer mass flux.

Both tunnels were operated with a steady supply of dry
air at 540°R. The freestream unit Reynolds number for
the M = 3.82 tunnel was 5.62 x 106/ft, that for the M =
2.82 tunnel, 5.8 X 106/ft.

Instrumentation

Standard instrumentation was used to obtain tunnel
wall static pressures and boundary layer pitot pressure
profiles. Wall static pressures were taken at 0.05-in. inter-
vals along the tunnel sidewalls. Pitot profiles were taken
in radial increments of 0.005 in. at 18 axial stations up-
stream of, within, and downstream of the interaction re-
gion. Miniature total head tubes, flattened to a dimension
of 0.009 in. high x 0.026 in. wide were used for the pitot
profiles. Velocity profiles upstream of the first incident
shock wave, between the first reflected and second inci-
dent shock waves, and downstream of the second reflected
shock wave were calculated from the pitot profiles assum-
ing isoenergetic flow and constant static pressure across
the boundary layer. A calibrated venturi meter was used
to measure the bleed flow rate.

Analysis

Figure 2 shows the flow model used in the analysis. R is
the radial distance from the tunnel centerline and x is the
distance downstream from the tip of the generator. Condi-
tions at the Station 1 are assumed to be known. The
object of the analysis, given the shock generator shape
and position, is to compute the locations of the reflected
shock waves and the boundary layer properties at succes-
sive stations along the wall.

The computation is carried out in three steps associated
with three subregions into which the boundary layer flow
is divided.

1) Region I extends from Station 1 where the first inci-
dent shock wave reaches the boundary-layer edge to Sta-
tion 3 where the reflected shock wave emerges from the
boundary layer. Surface 2 is the stream surface which
passes through the intersection of the incident conical
shock with the boundary layer edge. The location of this
surface and the pressure distribution along it are obtained
from an inviscid conical flow solution. Using this surface,
the tunnel wall, and the planes normal to the wall at 1
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oped an improved wall -wake velocity profile for turbulent
isoenergetic compressible boundary -layer flow. The modi-
fied profile may be expressed in the form

(a) POROUS WALL BLEED

(b) SLOT DLEED

Fig. 3 Control volumes used in analysis.

and 3 to define a control volume, a control volume analy-
sis of the region may be used to determine the length of
the interaction, and the boundary layer thickness and
shape at 3. In the analysis by Seebaugh, Paynter and
Childs1 the method of solution was as follows. The veloci-
ty profile at Station 1 was represented by a least-squares-
fit power-law profile. The downstream boundary-layer
thickness and power-law profile were then obtained by
solving the continuity and x-momentum equations for the
control volume. The interaction length, which is related to
63 by the geometry of the edge stream surface, was deter-
mined in the solution. In the analysis, the pressure at 3
was taken to be the wall static pressure at Station 3 as de-
termined from an inviscid flow solution. The wall shear
force was neglected and mass entrainment into the
boundary layer through the interaction was ignored.

In a subsequent analysis Mathews2'3 used a law-of-the-
wall/law-of-the-wake profile to replace the power-law pro-
file for representing the velocity distribution upstream
and downstream of the interaction. In Mathews' analysis
the value of C/i at Station 1 was known from a least-
squares fit of the wall-wake profile to the upstream veloci-
ty profile. A tentative value of C/s was then determined
by a control volume analysis for a two-dimensional inter-
action. This made it possible to take the shear force on
the wall into consideration in an approximate way, i.e., by
using an average of C/i and C/s to give an average wall
shear stress. This scheme should be reasonably good for
weak interactions but will overpredict the effect of wall
shear as the shock strength is increased, and a condition
of flow separation is approached. Taking the tentative
value of C/a as determined in the two-dimensional con-
trol volume analysis as the initial estimate of C/s, an it-
erative technique was then used to obtain the final value
for C/3 and an average wall shear stress. Mathews also
allowed for boundary-layer mass entrainment in the inter-
action region in an approximate way by taking it to be
equal to the entrainment rate ahead of the interaction.
His experimental results supported this assumption. For
interactions of weak to moderate strength, Mathews' anal-
ysis led to somewhat better agreement between predicted
and measured downstream boundary properties than had
been obtained in the Seebaugh analysis.

In the analysis used to predict the results reported here,
additional modifications to the control volume analysis
have been made. Recently, Sun and Childs4 have devel-

u (B2 -f 4A2)1/2

——— ——
2A2 -B

or
u—u

where

sin<arcsina1/2

(2)

ln(6wT/i/J

-5.1 + 0.614/o/f} (3)

A least squares fit of the velocity profile given by Eq. 2 to
experimental data gives values of 5 and ur or C/. For a — *•
00 , Eq (2) reduces to the velocity profile used by Mathews
in his analysis. While Mathews' profile has been found to
provide a good representation of turbulent compressible
boundary-layer velocity profiles, it does have the short-
coming that the velocity gradient does not go to zero at y
= 6. With a = 1, on the other hand, this shortcoming is
avoided. Furthermore, more realistic values of 5, i.e.,
nearer the values corresponding to u/ue = 0.99, are found
when a = 1. In the results reported here the velocity pro-
files have been assumed to be given by the modified wall-
wake profile with a = 1.

One other variation on the earlier methods has been in-
corporated into the present analysis. Namely, the flow di-
rection in the boundary -layer downstream of the interac-
tion has been taken as the average of the value at the wall
(i.e., zero) and at y = 63, as determined from the inviscid
solution. The pressure at 3 has then been based on the av-
erage flow direction. In the analyses by Seebaugh and
Mathews the flow direction downstream of an interaction
was taken to be parallel to the wall.

Figures 3a and 3b show the control volumes used in the
present analysis. Although boundary-layer bleed was not
employed at the first interaction site, the control volumes
shown do allow for that possibility. For the control vol-
umes shown, the continuity equation may be expressed in
the form

/ 2-npuRdR = / ZirpuRdR 4- mB

while the x-momentum equation may be written as:

/ w 2-nP^RdR - J W 3 2-nP2RdR - J ™P
Rw-(>i-^E R^^E Rw~(>2

r KW 0 r W

= J 2vpu2RdR - J 2irpu2RdR + IB

where TW = (TWI + TWs)/2 and PS is the average static
pressure over the boundary layer at 3. With suitable rep-
resentation of the magnitude of /&* and with the as-
sumption that the velocity profile at 3 is given by Eq. (2),
the equations may be solved for L, 63 and the profile
shape at 3. Comparable equations may be written for the
second interaction site.

In the control volume equations given above the condi-
tions at the beginning of the interaction, as well as the
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Fig. 4 Shock wave positions, boundary-layer thicknesses
and wall static pressures, M& - 3.82, no bleed.

mass bleed rate, m#, are assumed to be known. Condi-
tions along surface 2 are determined from an inviscid flow
analysis for the given tunnel and shock generator geome-
try.

The x-momentum of the bleed flow depends on the
manner in which the bleed flow is accomplished. In the
analyses by Seebaugh1 and Mathews2 computations were
made for three bleed models: porous-wall suction, slot
suction and scoop suction. Figure 3a shows the porous
wall model. With this model, the x-momentum of the
bleed flow, IBX, was assumed to be zero. Figure 3b shows the
slot-suction model. With slot suction, IBX was assumed to
have the same value as that possessed by the bleed mass as
it entered the control volume, i.e.,

RW
IB = J 2npu2RdR

RB
where RB is determined from

Rw
raB = j 2-npuRdR

RB
2) Region II extends from Station 3 to Station 5. This is

the region of boundary-layer flow between the first reflect-
ed shock and the second incident shock. Since no shock
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Fig. 6 Mach number profiles downstream of second interac-
tion, M 00 = 3.82, no bleed.

interactions are present in this region, the axial pressure
gradient is relatively low. Starting with conditions at 3 as
determined by the control volume analysis of the first in-
teraction, changes in the boundary-layer properties to Sta-
tion 5 are computed using a turbulent boundary layer pro-
gram suggested by Paynter and Schuehle.5 The program
uses a wall-wake profile4 to represent the velocity profile
and the entrainment function concept proposed by Green6

to solve the boundary-layer equations. An in viscid flow so-
lution is used to provide the wall static pressure distribu-
tion needed for the boundary-layer solution in this region.
The inviscid solution, however, was obtained in a manner
which allowed for the effects of the first shock interaction.
The method employed was to use an artificial wall posi-
tion in the interaction region which would cause the re-
flected inviscid shock wave position {o match that deter-
mined by the control volume analysis.

3) Region III extends from Station 5 to Station 7. This
region covers the interaction of the second incident shock
wave with the boundary layer. The method here is similar
to that for Region I, except that the flow at control sur-
face 6 is no longer conical. Conditions along this surface
were obtained from a method of characteristics solution
for flow past the double-cone centerbody. In the charac-
teristics solution the interaction of the first reflected
shock with the second incident shock must be considered.
The location in the flowfield of the reflected shock was
determined using the artificial wall position.
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AXIAL STATIONS
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jJLj
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——INVISCID SOLUTION
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Fig. 5 6*, 0, and C/, Mm-= 3.82, no bleed.
Fig. 7 Shock wave positions, boundary-layer thicknesses
and wall static pressures, M00= 2.82, 2.8% bleed.
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Fig. 9 Shock wave positions, boundary-layer thicknesses
and wall static pressures, Moo= 2.82, 5.0% bleed.

For the Mach 2.82 flow with bleed, the bleed models
described under Step 1) and depicted schematically in
Figs. 3a and 3b were used. The bleed holes used in the
study were drilled normal to the wind-tunnel wall. At first
thought, then, the porous-wall model might appear to
provide a better representation of the bleed flow. How-
ever, the bleed-hole diameter of 0.052 in. was on the
order of one-half the boundary-layer thickness at Station
5. Thus, there should be x-momentum associated with the
bleed flow and the bleed flow behavior might then be ex-
pected to lie somewhere between that for porous-wall suc-
tion and slot suction. As will be discussed in the section
on results, this appears to have been the case.

Results

The results of the analysis are shown in Figs. 4-11.
Comparisons are made between predicted and measured
results. The data for the M«> = 2.82 flow are from an in-
vestigation by Teeter.7
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Fig. 10 6*, V, Cf, M 00= 2.82, 5.0% bleed.
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Fig. 11 Mach number profiles downstream of second interac-
tion, Mco= 2.82, 2.8% bleed, 5.0% bleed.

Figure 4 shows comparisons of the experimental and
predicted shock wave patterns and boundary-layer thick-
nesses for the Mach 3.82 flow. Since the predicted shock
wave locations are determined by the inviscid analysis
used in combination with the artificial wall position, no
induced shock wave is predicted. Also shown is the pres-
sure distribution at the tunnel side wall as a function of
the distance aft of the cone tip. The triangular points
shown for the analysis in the static pressure plot were de-
termined by using the artificial wall and the inviscid flow
solution. The predicted and observed values are seen to be
in good agreement along the entire length of the double-
shock interaction.

Figure 5 shows 6*, 6, and Cf at several stations along the
tunnel side wall. Here, also, predicted and observed re-
sults are in good agreement. The experimental values
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shown for Cf have been determined by a least-squares fit
of the modified wall-wake velocity profile to the experi-
mentally determined velocity profiles.

Figure 6 shows Mach Number profiles for the boundary
layer at the downstream end of the second interaction.
The analysis predicts the end of the second interaction to
be at x = 3.75 in. Since profiles were not taken at this
specific station, profiles taken just upstream, x = 3.70 in.,
and just downstream, x = 3.80 in., are shown for compari-
son. It is apparent that the analysis leads to a profile
which provides a good representation of the experimental-
ly determined profiles near the interaction end.

Figure 7 shows boundary-layer thicknesses, shock wave
patterns and wall static pressure distributions for the
Mach 2.82 flow with 2.8% boundary-layer bleed at the sec-
ond interaction site. Figure 8 shows 6*, 0, and C/ for this
flow.

Two sets of predicted results are given, one for the po-
rous-wall suction model, the other for slot suction. As is
shown, the differences between the results for the two suc-
tion models are not large. Differences in predicted results
with the two models are due solely to the differences in
values assigned to the x -momentum of the bleed flux.
Since the bleed rate is low, the ^-momentum associated
with the slot suction model is small and not too different
from the zero values for porous suction. The predicted and
measured results are in reasonably good agreement.

Figure 9 shows boundary-layer thicknesses, shock wave
patterns and wall static pressure distributions for M =
2.82 with 5.0% bleed. Values for 5*, 6, and Cf are shown in
Fig. 10, while Mach Number profiles downstream of the
second interaction are shown in Fig. 11. The Mach Num-
ber profiles represented by the solid lines in Fig. 11 are
predicted profiles for the two bleed flow models. They are
shown on the figure at the axial positions predicted for the
end of the second interaction. Since experimental profiles
were not taken at these precise locations, experimental
profiles taken in the neighborhood (x = 3.20, 3.30, and 3.40
in.) of the predicted locations have been shown for com-
parison.

The flow conditions up to the second interaction are the
same as those for the flow with 2.8% bleed. With the
higher bleed rate the difference between the results for
porous wall and slot suction are much more pronounced
than with 2.8% bleed. The slot-suction model gives a re-
flected shock location which is in better agreement with
the observed results. On the other hand, the values of 5*,
6, and C/ obtained with the porous wall model agree better
with experimental values than do the slot suction results.
As was pointed out in the section on analysis, the bleed
hole diameter of 0.052 in. was on the order of one-half of
the boundary-layer thickness so that the bleed flow behav-
ior might be expected to lie between that for porous wall
suction and slot suction. The x-momentum of the bleed
value might then, in turn, be expected to lie between the
values used with the two models. Indeed, the use of a
bleed flow momentum flux between the two limits would
lead to better over-all agreement between predicted and
measured values of 5*, 6, and Cf . Even then, however, the
predicted interaction length would be too long. It should
be remarked that in estimating IBX for the slot-suction
bleed flow model, no allowance is made for the turbulent
shear stress along the stream surface separating the bleed
flow from the main body of the flow, nor for the wall shear
stress. Nor is the pressure force along the separating
stream surface considered. The effects of the pressure
force and wall shear tend to cancel the effect of the turbu-
lent shear on the separating stream surface, but the ex-
tent to which they do so is not known. It should be re-
marked further that no allowance is made for the rough-
ness effect of the holes on the wall shear. Further study is

needed on the details of the bleed flow behavior, including
the roughness effect of the holes, before the effects of
bleed configuration can be resolved.

The computation procedure reported here represents
the results of a continuing effort to improve analytical
methods of predicting flowfields in the inlets of supersonic
aircraft. In a recent analysis of inlet flowfields by Reyhner
and Hickcox8 the effect of the shock wave interaction on
the inviscid flow was taken into account by first obtaining
a control volume solution for the boundary-layer proper-
ties downstream of the interaction. Then, using an effec-
tive surface defined by the boundary-layer displacement
thicknesses upstream and downstream of the interaction,
and using a patching technique across the interaction re-
gion to construct an effective displacement surface for
that region, the inviscid flow solution was obtained for the
effective surface. A comparable technique was tried in the
work reported here but it was not as successful as the
scheme of using the simple reflection off the artificial
wall.

Conclusions

A control volume analysis method, employed in con-
junction with a turbulent boundary-layer computation
scheme, has been used to predict the flowfield down-
stream of successive shock wave boundary-layer interac-
tions for flows at Moo = 3.82 and 2.82. The effects of
boundary layer bleed at the second interaction site have
been considered. For flow with low bleed rates or no bleed
the predicted interaction lengths, and wall static pres-
sures, as well as the boundary-layer properties down-
stream of the interactions show good agreement with mea-
sured results. With low bleed flow the predicted results
for the slot-suction and porous-wall models differ only
slightly since the momentum of the bleed flow is small.
As the bleed flow rate is increased, predicted and mea-
sured results are also in reasonably good agreement. Here,
however, differences between predicted results for the two
suction models are larger since the difference between the
momentum fluxes of the bleed flows is larger. A value of
bleed flow momentum between the values used for the
models would improve the agreement between predicted
and measured results.
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